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$\rceil$ . $R$ $R$ ( )
$R$ $a,$ $b,$ $c$ $a>b$ $a+c>b+c$ $a>b$ $c>0$ $ac>bc$
O
2. $R$
(i) $R[t]/(t^{2}+1)$ ( $R[i]$ )
(ii) $R$ $R$ $a$ $a$
$a$ $R$ ( ) 2
(i) $R$ $Q$ $Q$ $x^{3}=2$
(ii) ( $Q$ )
(iii) $R$ Puiseux
Puiseux $\sum_{n=p,p+1},..a_{n}t^{n/q}$ $a_{n}\in$








$Q(\pi)$ $\pi$ $Q$ 3. 14...
6. 28... $+\infty$ $Q(\pi)$
$Q(t)$
3. $0$ $K$ $K$ $R$ $R[i]=K$
2 (i) $R$ $(R$ $R[t]/(t^{2}+1)$
) $0$ $R$
4. $R$ $R$ $a$ $R$ $b$ $a=b^{2}$
$a=-b^{2}$
5. $R$ $0$ $X= \{\sum_{i=1}^{k}a_{i}^{2}:a_{i}\in R, k\in Z\}$ $R$
$x\neq 0$ $R$ $R$ $x>0$
























(Tarski-Seidenberg). $f_{ij}$ $(x, y)=(x_{1}, \ldots, x_{n}, y)$
$*ij$ $=$ $>$ $x$
$g_{ij}$ $*^{l}ij\in\{=, >\}$ $R$
$p:R^{n}\cross Rarrow R^{n}$









(Artin-Lang). $R_{1}\subset R_{2}$ $x=(x_{1}, . . . , x_{n})$ $f_{ij}(x)\in$
$R_{1}[x],$ $*ij\in\{=, >\}$ $X= \bigcup_{i}\bigcap_{j}\{x\in R_{1}^{n}:f_{ij}(x)*ij=0\}$ $f_{ij}$
$f_{ijR_{2}}$ $X_{R_{2}}= \bigcup_{i}\bigcap_{j}\{x\in R_{2}^{n} :f_{ijR_{2}}(x)*ij=0\}$
$X_{R_{2}}\neq\emptyset\Rightarrow X\neq\emptyset$
$\backslash$
$X_{R_{2}}$ $X_{R_{2}}$ $R_{2}$ $X$
$R_{2}$ $*ij$ $X_{R_{2}}$ ,fii, $*ij$
$X_{R_{2}}$
$n$ $n=0$ $n-1$
$n$ $(x^{l}, x_{n})=(x_{1}, \ldots, x_{n})$ $P\iota:R_{1}^{n-1}\cross R_{1}arrow R_{1}^{n-1}$
$p_{2}$ : $R_{2}^{n-1}\cross R_{2}arrow R_{2}^{n-1}$
Tarski-Seidenberg $x’$
$g_{ij}$ $*’ij$
$p_{1}(X)= \bigcup_{i}n_{j}\{x’\in R_{1}^{n-1}:g_{ijij}(x’)*’=0\}$ ,
$p_{2}(X_{R_{2}})= \bigcup_{i}\bigcap_{j}\{x^{l}\in R_{2}^{n-1}:g_{ijij}(x’)*’=0\}$
$(p_{1}(X))_{R_{2}}=p_{2}$ (XR2) $X_{R_{2}}\neq\emptyset$ $p_{2}(X_{R_{2}})=(p_{1}(X))_{R_{2}}\neq\emptyset$
$p_{1}(X)\neq\emptyset$ $X\neq\emptyset$
$f_{ij}$ Tarski-Seidenberg
(Artin-Lang)’. $R_{1}$ $f_{ij}(x, y)$ $(x_{1}, . . . , x_{n}, y)$ $R_{1}$
$*ij\in\{=, >\}$ $(x_{1}, . . . , x_{n})$ $R_{1}$ $g_{ij}(x)$
4
$*^{l}ij\in\{=, >\}$
$p( \bigcup_{i}\bigcap_{j}\{(x, y)\in R^{n}\cross R:f_{ij}(x, y)*ij=0\})=\bigcup_{i}\bigcap_{j}\{x\in R^{n}:g_{ijij}(x)*’=0\}$
$R_{1}$ $R$
$a\in R_{1}^{m}$ $a$
$m$ $z$ $F_{ij}(x, y, z)$ $F_{ij}$ $(x, y, z)$
$F_{ij}(x, y, a)=f(x, y)$ $F_{ij}$ $*ij$ Tarski-Seidenberg
$(x, z)$ $G_{ij}$ $*’ij$ $R$
$q( \bigcup_{i}\bigcap_{j}\{(x, y, z)\in R^{n}\cross R\cross R^{m}:F_{ij}(x, y, z)*ij=0\})$
$= \bigcup_{i}\bigcap_{j}\{(x, z)\in R^{n}\cross R^{m}:G_{ij}(x, z)*’ij=0\}$
$q$ : $R^{n}\cross R\cross R^{m}arrow R^{n}\cross R^{m}$ $R^{m}$ $a$
$a$ $R$ $z=a$
$p( \bigcup_{i}\bigcap_{j}\{(x, y)\in R^{n}\cross R:f_{ij}(x, y)*ij=0\})=\bigcup_{i}\bigcap_{j}\{x\in R^{n}:G_{ij}(x, a)*^{l}ij=0\}$
$gij(x)=G_{ij}(x, a)$
4. HILBERT 17
(Hilbert $\rceil 7$ ). $f$ $R^{n}$ $R^{n}$
$fi,$
$\ldots,$
$f_{k},$ $g\neq 0$ $fg^{2}= \sum_{i=1}^{k}f_{i}^{2}$
$f_{i},$ $g$ $R$ $R^{n}$
$X= \{\sum_{i=1}^{l}a_{i}^{2}:a_{i}\in R, l\in Z\}$ $f$ $X$
5 $R$ $f<0$
6 $R$ $f<0$
$\tilde{R}[t]$ $t^{2}+1/f\in\tilde{R}[t]$ 3 $\tilde{R}[i]$
$t^{2}+1/f=(t+h)(t-h)$ $t^{2}+1/f=(t+ih)$ (t-ih) $h$
$t^{2}+1/f=(t+h)(t-h)$ $t^{2}+1/f=t^{2}+h^{2}$ $1/f=h^{2}>0_{\text{ }}$
5 $f>0$ $t^{2}+1/f=(t+ih)(t-ih)$
$fh^{2}+1=0$ Artin-Lang $F(x, t)=f(x)t^{2}+1$
$F(x, t)$ $R$ $n+1$ $\tilde{R}^{n+1}$ $F$ $F_{\tilde{R}}(y, z)$
$y=(y_{1}, \ldots, y_{n}),$ $z$ $(x, h(x))=0$ $x$




$b$ $F(a_{1}, \ldots, a_{n}, b)=0$




( ). $R$ $\mathfrak{p}$ $R[x]=R[x_{1}, \ldots, x_{n}]$
$X$ $\mathfrak{p}$
$\{f\in R[x]:\forall x\in X, f(x)=0\}$
$= \{f\in R[x]:\exists m\in N\exists f_{1}, \ldots, f_{l}\in R[x], f^{2m}+\sum_{i=1}^{\iota}f_{i}^{2}\in \mathfrak{p}\}$
$R$
$\{f\in R[x] :\forall x\in X, f(x)=0\}=\{f\in R[x] :\exists m\in N, f^{m}\in \mathfrak{p}\}$
Hilbert Hilbert
$\mathfrak{p}$ $\{f\in R[x]:\exists m\in N, f^{m}\in \mathfrak{p}\}$
$\mathfrak{p}$ $\{f\in R[x]$ : $\exists m\in N\exists fi,$ $\ldots$ , fi $\in$
$R[x],$ $f^{2m}+ \sum_{i=1}^{l}f_{i}^{2}\in \mathfrak{p}\}$
$\mathfrak{p}$ $1+x_{1}^{2}$ $R[x]$
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